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MORITA INVARIANCE FOR INFINITESIMAL DEFORMATIONS
MARI´A JULIA REDONDO, LUCRECIA ROMA´N, FIORELA ROSSI BERTONE,
AND MELINA VERDECCHIA
Abstract. Let A and B be two Morita equivalent finite dimensional associative algebras over
a field k. It is well known that Hochschild cohomology is invariant under Morita equivalence.
Since infinitesimal deformations are connected with the second Hochschild cohomology group,
we explicitly describe the transfer map connecting HH2(A) with HH2(B). This allows us to
transfer Morita equivalence between A and B to that between infinitesimal deformations of
them. As an application, when k is algebraically closed, we consider the quotient path alge-
bra associated to A and describe the presentation by quiver and relations of the infinitesimal
deformations of A.
Introduction
The algebraic deformation theory of associative algebras was introduced by Gerstenhaber
in 1960s. In a series of papers he studied and described, between many other properties, the
connection between deformations of an associative algebra and its Hochschild cohomology.
It is well known that Hochschild cohomology is invariant under Morita equivalence. It is
natural to ask then, the behaviour of deformations related to Morita equivalences.
In this work we restrict our attention to infinitesimal deformations. Set k a field and consider
the ring of dual numbers k[t]/(t2). An infinitesimal deformation of an associative k-algebra A
is an associative structure of k[t]/(t2)-algebra on A[t]/(t2) such that, modulo the ideal gener-
ated by t, the multiplication corresponds to that on A. Gerstenhaber showed in [G] that the
infinitesimal deformations of A are parametrized by the second Hochschild cohomology group
HH
2(A) of A with coefficients in itself.
Let A and B be two Morita equivalent k-algebras. The goal of the present paper is to
describe how one can transfer the Morita equivalence between the algebras to that between the
correspondent infinitesimal deformations of them. For this, we give an explicit transfer map
which assigns to each Hochschild 2-cocycle of A, a Hochschild 2-cocycle of B. More generally,
we define the transfer map as a cochain complex map and show that it induces isomorphisms
HH
n(A) ≃ HHn(B) in each degree n ≥ 0. Similar transfer maps have been considered in
[B, K, Lo] for homology, and in [Li, KLZ] for cohomology of symmetric algebras.
The description of the finite dimensional modules over an infinitesimal deformation of A
that we develop in order to prove the Morita equivalence between deformations, would be the
starting point for the study of the module category as well as its relation with the category of
modules over the original algebra A.
The paper is divided into five sections. In the first one we introduce the needed concepts and
notation. The second section is devoted to describe explicitly the transfer map and show that it
induces isomorphisms in cohomology. Most important for our purpose is the second Hochschild
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cohomology group, which is intimately related with deformations. The goal of Section 3 is
to get a nice description of the category of modules over an infinitesimal deformation of an
algebra. In Section 4 we prove our main theorem concerning Morita invariance of deformations
of algebras by constructing the bimodules that realize this equivalence. Last section applies
the previous results in order to get a description by quiver and relations of any infinitesimal
deformation of a finite dimensional algebra over an algebraically closed field k.
1. Preliminaries
1.1. Morita equivalent algebras. Let A and B be Morita equivalent algebras. That is, there
exist bimodules APB,B QA, and isomorphisms of bimodules
〈−,−〉A : P ⊗B Q→ A and 〈−,−〉B : Q⊗A P → B.(1.1)
Moreover, from [Lo, eq. (1.2.7.1), page 18], we can assume that these isomorphisms satisfy, for
all p, p′ ∈ P and q, q′ ∈ Q, the following equations
〈p, q〉Ap
′ = p〈q, p′〉B,(1.2)
〈q, p〉Bq
′ = q〈p, q′〉A.(1.3)
From now on, we fix the notation
1A =
m′∑
i=1
〈p′i, q
′
i〉A and 1B =
m∑
k=1
〈qk, pk〉B.(1.4)
1.2. Hochschild cohomology. Given an algebra A and M an A-bimodule, the Hochschild
complex is the complex
0→M
d1
−→ Homk(A,M)
d2
−→ · · · −→ Homk(A
⊗n,M)
dn+1
−→ Homk(A
⊗(n+1),M) −→ · · ·
where, for each n > 0, A⊗n denotes the n-fold tensor product of A with itself over k. The
map d1 : M → Homk(A,M) is defined by d
1(m)(a) = am − ma, for m ∈ M , a ∈ A, and
dn+1 =
∑n+1
j=0 (−1)
jdn+1j is defined by
dn+10 (f)(a0 ⊗ · · · ⊗ an) = a0f(a1 ⊗ · · · ⊗ an),
dn+1j (f)(a0 ⊗ · · · ⊗ an) = f(a0 ⊗ · · · ⊗ aj−1aj ⊗ · · · ⊗ an), 1 ≤ j ≤ n,
dn+1n+1(f)(a0 ⊗ · · · ⊗ an) = f(a0 ⊗ · · · ⊗ an−1)an,
for a k-linear map f : A⊗n → M and a0, . . . , an ∈ A. The n-th cohomology group of this
complex is called the n-th Hochschild cohomology group of A with coefficients in M , and it is
denoted by HHn(A,M). We recall that, since k is a field, the Hochschild cohomology groups
HH
n(A,M) can be identified with the groups ExtnA−A(A,M). For any f ∈ Ker d
n+1, we denote
[f ] ∈ HHn(A,M).
If AMA = AAA, then we write HH
n(A). It is well known that the Hochschild cohomology
groups of two Morita equivalent algebras A and B are isomorphic, see for instance [Lo, §1.5].
When A = kQ/I is given by quiver and relations, see Subsection 1.4, a substantial reduc-
tion in the size of the complex used to compute HHn(A,M) can be obtained by replacing
Homk(A
⊗n,M) by HomE−E(radA
⊗En,M), where E = kQ0 is the semisimple subalgebra of A
generated by the set of vertices Q0 such that A = E ⊕ radA, see [C, Proposition 2.2].
For further definitions and facts, we refer the reader to [W].
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1.3. Deformations of associative algebras. Let A be a k-algebra. We consider the trun-
cated polynomial ring k[t]/(t2). An infinitesimal deformation of an associative k-algebra A is
an associative structure of k[t]/(t2)-algebra on A[t]/(t2) such that modulo the ideal generated
by t, the multiplication corresponds to that on A. More precisely:
Definition 1.1. Let f ∈ Homk(A ⊗k A,A). Let Af := A[t]/(t
2) ≃ A ⊕ A be the algebra with
multiplication given by
(a0, b0)(a1, b1) = (a0a1, a0b1 + b0a1 + f(a0 ⊗ a1)), ∀(a0, b0), (a1, b1) ∈ A[t]/(t
2).
If this multiplication is associative we say that Af is an infinitesimal deformation of A.
We say that two infinitesimal deformationsAf andAf ′ are equivalent if there exists a k[t]/(t
2)-
linear map φ : Af → Af ′ such that φ(a, 0) = (a, 0) and
φ ◦multAf = multAf ′ ◦(φ⊗ φ).
If we write out the associativity condition in Af we have
a0f(a1 ⊗ a2) + f(a0 ⊗ a1a2) = f(a0a1 ⊗ a2) + f(a0 ⊗ a1)a2
for all a0, a1, a2 ∈ A, that is, f is a Hochschild 2-cocycle. Moreover, the next correspondence is
well known and was proved in [G].
Theorem 1.2. There is a one-to-one correspondence between the space of equivalence classes
of infinitesimal deformations of A and the second Hochschild cohomology group HH2(A).
1.4. Presentation by quiver and relations. We recall some basic concepts about quivers
and algebras; for unexplained notions and further results we refer, for instance, to [ARS, ASS].
A finite quiver Q = (Q0, Q1) is a finite oriented graph with set of vertices Q0 and set of
arrows Q1. We denote by s, t : Q1 → Q0 the source and target maps respectively. A path w in
Q of length n is a concatenation of arrows w = α1 · · ·αn with t(αi) = s(αi+1) for 1 ≤ i < n; for
any vertex i ∈ Q0, ei is the trivial path of length zero. We put s(w) = s(α1) and t(w) = t(αn),
and s(ei) = i = t(ei). We say that an arrow α divides a path w if w = L(w)αR(w), where L(w)
and R(w) are paths in Q.
The path algebra kQ is the k-algebra whose basis is the set of all paths in Q, including
one trivial path ei at each vertex i ∈ Q0, endowed with the multiplication induced from the
concatenation of paths. The sum of the trivial paths is the identity.
It is well known that in case k is algebraically closed, any finite-dimensional k-algebra A is
Morita equivalent to a quotient of a path algebra kQ/I, where Q is a quiver and I an admissible
ideal of kQ. In this case, the pair (Q, I) is called a presentation of A by quivers and relations.
A relation ρ on the ideal I is a k-linear combination of paths ρ =
∑
i λiγi with λi nonzero
scalars and γi paths of length at least two having all the same source and the same target.
2. Transfer map
From now on, let A and B be Morita equivalent algebras. It is well known that the Hochschild
cohomology groups of A and B are isomorphic, see for instance [Lo, §1.5]. The goal of this
section is to give an explicit transfer map HHn(A) → HHn(B). This map when n = 2 will be
crucial in Section 4.
Recall the notation from (1.4), 1A =
∑m′
j=1〈p
′
j, q
′
j〉A and 1B =
∑m
i=1〈qi, pi〉B.
Define φn : Homk(A
⊗n, A)→ Homk(B
⊗n, B) by
φn(f)(b1 ⊗ · · · ⊗ bn) =
∑
1≤i0,··· ,in≤m
〈qi0 , f(〈pi0, b1qi1〉A ⊗ · · · ⊗ 〈pin−1 , bnqin〉A)pin〉B,(2.1)
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for f ∈ Homk(A
⊗nA), b1, · · · , bn ∈ B. Analogously, let ψ
n : Homk(B
⊗n, B) → Homk(A
⊗n, A)
be given by
ψn(g)(a1 ⊗ · · · ⊗ an) =
∑
1≤j0,··· ,jn≤m′
〈p′j0, g(〈q
′
j0, a1p
′
j1〉B ⊗ · · · ⊗ 〈q
′
jn−1 , anp
′
jn〉B)q
′
jn〉A,(2.2)
for g ∈ Homk(B
⊗n, B) and a1, · · · , an ∈ A.
Theorem 2.1. Let A and B be Morita equivalent algebras. Then the induced maps
φ˜n : HHn(A)→ HHn(B) and ψ˜n : HHn(B)→ HHn(A)
are isomorphisms and inverse to each other.
Proof. It is evident that (φn) : (Homk(A
⊗n, A), dn+1)→ (Homk(B
⊗n, B), dn+1) is a cochain map
since the equations
m∑
i0=1
qi0〈pi0, b0qi1〉A = b0qi1 ,
m∑
ij−1=1
〈pij−2 , bj−1qij−1〉A〈pij−1 , bjqij〉A = 〈pij−2, bj−1bjqij〉A,
m∑
in+1=1
〈pin, bnqin+1〉Apin+1 = pinbn,
imply that dn+1j φ
n = φn+1dn+1j for all j such that 0 ≤ j ≤ n+1. Hence each φ
n induces a well-
defined map φ˜n : HHn(A)→ HHn(B). Similar considerations apply to ψ˜n : HHn(B)→ HHn(A).
The most difficult task is to prove that, for a representative cocycle f we have [f ] =
[ψn(φn(f))] ∈ HHn(A). For this, let hn+1 : Homk(A
⊗n+1, A)→ Homk(A
⊗n, A) be given by
hn+1 =
n+1∑
r=1
(−1)rhn+1r(2.3)
with, for 2 ≤ r ≤ n,
hn+11 (f)(a1 ⊗ · · · ⊗ an) =
∑
1≤j≤m′
1≤i≤m
f(〈p′j, qi〉A ⊗ 〈pi, q
′
j〉Aa1 ⊗ a2 ⊗ · · · ⊗ an),
hn+1r (f)(a1 ⊗ · · · ⊗ an) =
∑
1≤j0,j1,...,jr−1≤m′
1≤i0,...,ir−1≤m
〈p′j0, qi0〉Af(〈pi0, q
′
j0〉Aa1〈p
′
j1, qi1〉A ⊗ . . .
⊗ 〈pir−3, q
′
jr−3
〉Aar−2〈p
′
jr−2
, qir−2〉A ⊗ 〈pir−2, q
′
jr−2
〉Aar−1
⊗ 〈p′jr−1, qir−1〉A ⊗ 〈pir−1, q
′
jr−1
〉Aar ⊗ ar+1 ⊗ · · · ⊗ an),
hn+1n+1(f)(a1 ⊗ · · · ⊗ an) =
∑
1≤j0,j1,...,jn≤m′
1≤i0,...,in≤m
〈p′j0, qi0〉Af(〈pi0, q
′
j0
〉Aa1〈p
′
j1
, qi1〉 ⊗ . . .
⊗ 〈pin−2, q
′
jn−2
〉Aan−1〈p
′
jn−1
, qin−1〉A ⊗ 〈pin−1 , q
′
jn−1
〉Aan
⊗ 〈p′jn, qin〉A)〈pin, q
′
jn〉A.
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Tedious but direct computations show that
hn+11 d
n+1
1 = Id; h
n+1
r d
n+1
n+1 = d
n
nh
n
r , 1 ≤ r ≤ n;
hn+1n+1d
n+1
n = ψ
nφn; hn+1r d
n+1
i = d
n
i h
n
r−1, 3 ≤ r ≤ n + 1, 1 ≤ i ≤ r − 2;
hn+1r d
n+1
0 = d
n
0h
n
r−1, 2 ≤ r ≤ n + 1; h
n+1
r d
n+1
j = d
n
j−1h
n
r , 1 ≤ r ≤ n− 1, r + 1 ≤ j ≤ n;
hn+1r d
n+1
r−1 = h
n+1
r+1d
n+1
r+1 , 1 ≤ r ≤ n.
Then one can check that
hn+1dn+1 =
n+1∑
r=1
n+1∑
i=0
(−1)r+ihn+1r d
n+1
i = h
n+1
1 d
n+1
1 − h
n+1
n+1d
n+1
n
+
n+1∑
r=2
(−1)rhn+1r d
n+1
0 +
n∑
r=1
(−1)r+n+1hn+1r d
n+1
n+1 −
n∑
r=1
hn+1r d
n+1
r−1
+
n+1∑
r=2
hn+1r d
n+1
r +
n+1∑
r=3
r−2∑
i=1
(−1)r+ihn+1r d
n+1
i +
n−1∑
r=1
n∑
i=r+1
(−1)r+ihn+1r d
n+1
i
= Id− ψnφn +
n+1∑
r=2
(−1)rdn0h
n
r−1 +
n∑
r=1
(−1)r+n+1dnnh
n
r
+
n+1∑
r=3
r−2∑
i=1
(−1)r+idni h
n
r−1 +
n−1∑
r=1
n∑
i=r+1
(−1)r+idni−1h
n
r
and this equals to
Id− ψnφn −
n∑
r=1
(−1)rdn0h
n
r −
n∑
r=1
(−1)r+ndnnh
n
r
−
n∑
r=2
r−1∑
i=1
(−1)r+idni h
n
r −
n−1∑
r=1
n−1∑
i=r
(−1)r+idni h
n
r = Id− ψ
nφn − dnhn.
Hence, we have
hn+1dn+1 = Id− ψnφn − dnhn.(2.4)
This implies that [f ] = [(ψnφn)(f)] in HHn(A). The same reasoning with the roles of A and B
reversed, leads to [g] = [(φnψn)(g)] in HHn(B) and the proof of the theorem is complete. 
Remark 2.2. The transfer defined above can be compared with the one obtained in [KLZ] for
symmetric algebras since for any x ∈ P we have that
x = 1Ax =
m′∑
i=1
〈p′i, q
′
i〉Ax =
m′∑
i=1
p′i〈q
′
i, x〉B =
m′∑
i=1
p′iϕi(x)
where ϕi = 〈q
′
i,−〉B belongs to HomB(P,B).
3. Af-Modules
Let A be a k-algebra and let f : A ⊗k A → A be a Hochschild 2-cocycle. In this section
we define a category C and we describe the category modAf of finite dimensional left modules
over the infinitesimal deformation Af by means of an equivalence functor F : C → modAf .
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Let C be the category whose objects are uples (M0,M1, TM , fM) with M0,M1 ∈ modA,
TM ∈ HomA(M0,M1) a monomorphism and fM ∈ Homk(A⊗kM0,M1), satisfying the following
condition
afM (b⊗m0)− fM(ab⊗m0) + fM(a⊗ bm0)− f(a⊗ b)TM (m0) = 0(3.1)
for a, b ∈ A,m0 ∈M0. The morphisms between objects (M0,M1, TM , fM) and (N0, N1, TN , fN)
are triples of morphisms (u0, u1, u2) where u0 ∈ HomA(M0, N0), u1 ∈ Homk(M0, N1) and u2 ∈
HomA(M1, N1) are such that the diagram
M0
TM

u0 // N0
TN

M1
u2 // N1
commutes and
u1(am0) = au1(m0)− u2(fM(a⊗m0)) + fN(a⊗ u0(m0)), ∀a ∈ A, m0 ∈M0.(3.2)
The composition is given by
(v0, v1, v2)(u0, u1, u2) = (v0u0, v2u1 + v1u0, v2u2)
and the identity morphism is (Id, 0, Id). It is easy to check that C is a category.
Define a functor F : C → modAf as follows:
• For (M0,M1, TM , fM) in C, let F (M0,M1, TM , fM) = M0 ⊕M1 as k-vector space. The
Af -module structure is given by
(a, b)(m0, m1) = (am0, am1 + bTM (m0) + fM(a⊗m0))
for a, b ∈ A,m0 ∈M0 and m1 ∈M1.
• For (u0, u1, u2) a morphism in C, let F (u0, u1, u2) = u with
u(m0, m1) = (u0(m0), u1(m0) + u2(m1))
for m0 ∈M0 and m1 ∈M1.
Summing up the above considerations, we get the following result that gives the formal
connection between C and modAf via the functor F .
Proposition 3.1. The functor F : C → modAf defined above is an equivalence of categories.
Proof. It is easy to check that F is a functor and that it is faithful. To see that it is dense, let
M be an Af -module. Define T : M → M by T (m) = (0, 1)m. Set M1 = Ker T . Let M0 be a
complement of the vector subspace M1 of M , that is, M = M0 ⊕M1 as k-vector space. Then
M1 is an A-module with the action induced by the Af -module structure of M , that is,
a ·m = (a, 0)m, ∀a ∈ A, m ∈M1.
In fact, if a, b ∈ A,m ∈M1 then
a · (b ·m) = (a, 0)(b, 0)m = (ab, f(a⊗ b))m = (ab, 0)m+ (f(a⊗ b), 0)(0, 1)m = (ab) ·m,
since (0, 1)m = T (m) = 0. Crearly T (M0) ⊂ M1 because T
2 = 0. Set TM : M0 → M1 the
injective map induced by T .
Now we shall give an action of A on M0. Notice that T |M0 : M0 → Im T is an isomorphism.
Hence, we have T ′ := (T |M0)
−1 : ImT → M0, in particular T (T
′(m)) = m for all m ∈ ImT .
Define
a ∗m = T ′(a · T (m)), ∀a ∈ A, m ∈M0.(3.3)
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This gives an action of A on M0. Indeed,
a ∗ (b ∗m) = a ∗ (T ′(b · T (m))) = T ′(a · T (T ′(b · T (m))))
= T ′(a · (b · T (m))) = T ′(ab · T (m)) = ab ∗m.
Thus TM : M0 →M1 is a monomorphism of A-modules.
The k-linear map fM : A⊗k M0 →M1 is defined as
fM(a⊗m) := (a, 0)m− a ∗m,(3.4)
for a ∈ A and m ∈M0. Since
T (fM(a⊗m)) = T ((a, 0)m)− T (a ∗m) = (0, 1)(a, 0)m− (a, 0)(0, 1)m = 0,
we have that fM(a⊗m) ∈M1. Moreover,
a · fM(b⊗m)− fM(ab⊗m) + fM(a⊗ b ∗m)− f(a⊗ b) · TM(m)
=(a, 0)((b, 0)m− b ∗m)− ((ab, 0)m− ab ∗m)
+ ((a, 0)(b ∗m)− a ∗ (b ∗m))− f(a⊗ b) · T (m)
=(ab, f(a⊗ b))m− (a, 0)(b ∗m)− (ab, 0)m+ ab ∗m
+ (a, 0)(b ∗m)− ab ∗m− f(a⊗ b) · T (m)
=(f(a⊗ b), 0)(0, 1)m− f(a⊗ b) · T (m) = 0.
Finally, we show that the functor F is full. For this, let
u : F (M0,M1, TM , fM)→ F (N0, N1, TN , fN)
be a morphism in modAf . For m0 ∈ M0 and m1 ∈ M1 we have u(m0, 0) = (n0, n1) and
u(0, m1) = (n
′
0, n
′
1). In fact n
′
0 = 0 since 0 = (0, 1)u(0, m1) = (0, TN(n
′
0)) and TN is a monomor-
phism. Define
u0(m0) := n0, u1(m0) := n1, u2(m1) := n
′
1.(3.5)
Now, since
u(am0, 0) = u((a, 0)(m0, 0))− u(0, fM(a⊗m0))
= (a, 0)u(m0, 0)− u(0, fM(a⊗m0))
= (an0, an1 + fN(a⊗ n0))− u(0, fM(a⊗m0)),
we have that u0(am0) = an0 = au0(m0) and
u1(am0) = an1 + fN(a⊗ n0)− u2(fM(a⊗m0))
= au1(m0) + fN(a⊗ u0(m0))− u2(fM(a⊗m0)).
Hence u0 is an A-morphism and u1 satisfies (3.2). Moreover
u(0, am1) = (a, 0)(0, n
′
1) = (0, an
′
1)
and then u2 is an A-morphism. A direct computation shows that u = F (u0, u1, u2) and the
proof is complete. 
Likewise, one can describe right Af -modules as uples (M0,M1, TM , fM).
Example 3.2. For the Af -module Af we have that F (A,A, Id, f) = Af . In fact, since T : Af →
Af is given by T (a, b) = (0, 1)(a, b) = (0, a) for all a, b ∈ A, then M1 = {(0, b) : b ∈ A} and
the complement M0 = {(a, 0) : a ∈ A}. The morphism T
′(0, b) = (b, 0) for b ∈ A, hence M0 is
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an A-module via a ∗ (a′, 0) = T ′((a, 0)T (a′, 0)) = T ′(0, aa′) = (aa′, 0), for all a, a′ ∈ A. Finally,
fAf = f : A⊗k A→ A since, for all a, b ∈ A,
(a, 0)(b, 0)− a ∗ (b, 0) = (ab, f(a⊗ b))− (ab, 0) = (0, f(a⊗ b)).
Remark 3.3. In subsequent sections we will need the notion of bimodules. Let A and B be
algebras and let f : A ⊗k A → A, g : B ⊗k B → B be Hochschild 2-cocycles. Consider
the infinitesimal deformations Af and Bg. By abuse of notation, we omit the corresponding
equivalent functor. So, an Af -Bg-bimodule is an uple (M0,M1, TM , fM , gM) where M0 and
M1 are A-B-bimodules, (M0,M1, TM , fM) is a left Af -module, (M0,M1, TM , gM) is a right Bg-
module and the maps fM ∈ Homk(A ⊗k M0,M1) and gM ∈ Homk(M0 ⊗k B,M1) satisfy the
compatible condition
gM(am0 ⊗ b) + fM(a⊗m0)b = agM(m0 ⊗ b) + fM(a⊗m0b)(3.6)
for all a ∈ A, b ∈ B and m0 ∈M0.
4. Morita equivalence
Let A and B be Morita equivalent algebras. Fix f a representative element of HH2(A) and
g := φ2(f) the associated representative element of HH2(B) given by the transfer map (2.1).
Recall from Subsection 1.1 that the Morita equivalence between A and B is given by two
bimodules APB,B QA and the isomorphisms of bimodules
〈−,−〉A : P ⊗B Q→ A and 〈−,−〉B : Q⊗A P → B
satisfying (1.2) and (1.3).
This section is devoted to prove that the infinitesimal deformations Af and Bg are Morita
equivalent: we need to construct two bimodules Af PˆBg , BgQˆAf and the corresponding isomor-
phisms of bimodules
〈−,−〉Af : Pˆ ⊗Bg Qˆ→ Af and 〈−,−〉Bg : Qˆ⊗Af Pˆ → Bg.
Remark 4.1. The key point for describing the needed structure of bimodules is the following
fact. By (1.4), we know that {p′i}1≤i≤m′ is a set of generators of the B-module P and {pk}1≤k≤m
is a set of generators of the A-module P . More precisely, for x ∈ P ,
x = x1B = x
m∑
k=1
〈qk, pk〉B =
m∑
k=1
〈x, qk〉Apk
= 1Ax =
m′∑
i=1
〈p′i, q
′
i〉Ax =
m′∑
i=1
p′i〈q
′
i, x〉B.
We define Pˆ = (APB,A PB, IdP , fP : A⊗k P → P, gP : P ⊗k B → P ) with
fP (a⊗ p) =
1
2
m∑
i=1
f(a⊗ 〈p, qi〉A)pi +
1
2
∑
1≤i0,i1≤m′
p′i0g(〈q
′
i0
, ap′i1〉B ⊗ 〈q
′
i1
, p〉B) +
1
2
h2(f)(a)p,
gP (p⊗ b) =
1
2
∑
1≤i0,i1≤m
f(〈p, qi0〉A ⊗ 〈pi0b, qi1〉A)pi1 +
1
2
m′∑
i=1
p′ig(〈q
′
i, p〉B ⊗ b),
where h2 is the map defined by equation (2.3).
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Analogously, let Qˆ = (BQA,B QA, IdQ, gQ : B ⊗k Q→ Q, fQ : Q⊗k A→ Q) with
fQ(q ⊗ a) =
1
2
m∑
i=1
qif(〈pi, q〉A ⊗ a) +
1
2
∑
1≤i0,i1≤m′
g(〈q, p′i0〉B ⊗ 〈q
′
i0
, ap′i1〉B)q
′
i1
+
1
2
q h2(f)(a),
gQ(b⊗ q) =
1
2
∑
1≤i0,i1≤m
qi0f(〈pi0bqi1〉A ⊗ 〈pi1 , q〉A) +
1
2
m′∑
i=1
g(b⊗ 〈q, p′i〉B)q
′
i.
Lemma 4.2. With the above notation, Pˆ is an Af -Bg-bimodule and Qˆ is an Bg-Af -bimodule.
Proof. We will only consider Pˆ since the same reasoning applies to Qˆ. It suffices to see that
the following three equations are satisfied, see (3.1) and (3.6),
a0fP (a1 ⊗ p)− fP (a0a1 ⊗ p) + fP (a0 ⊗ a1p)− f(a0 ⊗ a1)p = 0;(4.1)
pg(b0 ⊗ b1)− gP (pb0 ⊗ b1) + gP (p⊗ b0b1)− gP (p⊗ b0)b1 = 0;(4.2)
agP (p⊗ b)− gP (ap⊗ b) + fP (a⊗ pb)− fP (a⊗ p)b = 0.(4.3)
We present an outline and some details of the needed computations. To see that gP satisfies
(4.2), we need to prove that both∑
1≤i0,i1≤m
f(〈p, qi0〉A ⊗ 〈pi0b, qi1〉A)pi1 and
m′∑
i=1
p′ig(〈q
′
i, p〉B ⊗ b)
do. To verify the first one we add 1B conveniently and apply (1.2):
p
∑
1≤i0,i1,i2≤m
〈qi0 , f(〈pi0, b0qi1〉A ⊗ 〈pi1, b1qi2〉A)pi2〉B −
∑
1≤i1,i2≤m
f(〈p1Bb0, qi1〉A ⊗ 〈pi1b1, qi2〉A)pi2
+
∑
1≤i0,i2≤m
f(〈p, qi0〉A ⊗ 〈pi0b01Bb1, qi2〉A)pi2 −
∑
1≤i0,i1≤m
f(〈p, qi0〉A ⊗ 〈pi0b0, qi1〉A)pi1b11B
=
∑
1≤i0,i1,i2≤m
(〈p, qi0〉Af(〈pi0, b0qi1〉A ⊗ 〈pi1, b1qi2〉A)pi2 − f(〈p, qi0〉A〈pi0, b0qi1〉A ⊗ 〈pi1b1, qi2〉A)pi2
+f(〈p, qi0〉A ⊗ 〈pi0b0, qi1〉A〈pi1b1, qi2〉A)pi2 − f(〈p, qi0〉A ⊗ 〈pi0b0, qi1〉A)〈pi1b1qi2〉Api2)
and the last expression vanishes since f is a 2-cocycle. For the second part, since g is a 2-cocycle,
we have that
m′∑
i=1
p′ig(〈q
′
i, p〉Bb0 ⊗ b1) =
m′∑
i=1
(〈p′i, q
′
i〉Apg(b0 ⊗ b1) + p
′
ig(〈q
′
i, p〉B ⊗ b0b1)− p
′
ig(〈q
′
i, p〉B ⊗ b0)b1)
= pg(b0 ⊗ b1) +
m′∑
i=1
p′ig(〈q
′
i, p〉B ⊗ b0b1)−
m′∑
i=1
p′ig(〈q
′
i, p〉B ⊗ b0)b1,
then
pg(b0 ⊗ b1)−
m′∑
i=1
p′ig(〈q
′
i, p〉Bb0 ⊗ b1) +
m′∑
i=1
p′ig(〈q
′
i, p〉B ⊗ b0b1)−
m′∑
i=1
p′ig(〈q
′
i, p〉B ⊗ b0)b1 = 0.
The same conclusion can be drawn for
∑m
i=1 f(a⊗ 〈p, qi〉A)pi and equation (4.1). Also, similar
arguments prove that
∑
1≤i0,i1≤m′
p′i0g(〈q
′
i0, ap
′
i1〉B ⊗ 〈q
′
i1, p〉B) satisfies
a0fP (a1 ⊗ p)− fP (a0a1 ⊗ p) + fP (a0 ⊗ a1p)− ψ
2(g)(a0 ⊗ a1)p = 0.
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Nevertheless, f does not coincide with ψ2(g) = ψ2(φ2(f)). But, by (2.4), f − ψ2(φ2(f)) =
d2h2(f) and the map h2(f) defined by equation (2.3) satisfies
a0h
2(f)(a1)p− h
2(f)(a0a1)p+ h
2(f)(a0)a1p− d
2h2(f)(a0 ⊗ a1)p = 0.
Finally, equation (4.3) follows since f and g are cocycles. Indeed,∑
1≤i0,i1≤m
af(〈p, qi0〉A ⊗ 〈pi0b, qi1〉A)pi1 −
∑
1≤i0,i1≤m
f(〈ap, qi0〉A ⊗ 〈pi0b, qi1〉A)pi1
+
m∑
i0=1
f(a⊗ 〈p1Bb, qi0〉A)pi0 −
m∑
i0=1
f(a⊗ 〈p, qi0〉A)pi0b1B
+
m′∑
i0=1
1Aap
′
i0
g(〈q′i0, p〉B ⊗ b)−
m′∑
i0=1
p′i0g(〈q
′
i0
, a1Ap〉B ⊗ b)
+
∑
1≤i0,i1≤m′
p′i0g(〈q
′
i0
, ap′i1〉B ⊗ 〈q
′
i1
, p〉Bb)−
∑
1≤i0,i1≤m′
p′i0g(〈q
′
i0
, ap′i1〉B ⊗ 〈q
′
i1
, p〉B)b
+ h2(f)(a)(pb)− h2(f)(a)pb = 0.

Now we shall describe the uple associated to the bimodule Pˆ ⊗Bg Qˆ, and we will use this
description to see that Pˆ ⊗Bg Qˆ and Af are isomorphic as Af -bimodules. An analogous proof
will lead to the same result for Qˆ⊗Af Pˆ and Bg.
First observe that the following equalities hold in Pˆ ⊗Bg Qˆ, for all x ∈ P , y ∈ Q, b ∈ B:
(0, x)⊗ (0, y) = (x, 0)(0, 1)⊗ (0, 1)(y, 0) = 0,(4.4)
(0, x)⊗ (y, 0) = (x, 0)(0, 1)⊗ (y, 0) = (x, 0)⊗ (0, y),(4.5)
(xb, gP (x⊗ b))⊗ (y, 0) = (x, 0)(b, 0)⊗ (y, 0) = (x, 0)⊗ (by, gP (b⊗ y)).(4.6)
From (4.4) and (4.5) we can deduce that elements in Pˆ ⊗Bg Qˆ can be expressed as∑
i
(xi, 0)⊗ (yi, 0) +
∑
j
(xj , 0)⊗ (0, yj).
If (Z0, Z1, TZ : Z0 → Z1, fZ : A ⊗k Z0 → Z1, gZ : Z0 ⊗k A → Z1) is the uple associated to the
bimodule Pˆ ⊗Bg Qˆ as described in Remark 3.3, we know that Z1 is the kernel of the k-linear
map
T : Pˆ ⊗Bg Qˆ→ Pˆ ⊗Bg Qˆ
given by T (z) = (0, 1)z, for any z ∈ Pˆ ⊗Bg Qˆ. It is clear that
Z1 = KerT = {
∑
j
(xj , 0)⊗ (0, yj)} ≃ P ⊗B Q
where the last isomorphism follows because, for all x ∈ P , y ∈ Q, b ∈ B, we have
(xb, 0)⊗ (0, y) = (0, xb)⊗ (y, 0) = (x, 0)(0, b)⊗ (y, 0) = (x, 0)⊗ (0, by).
Remark 4.1 allows us to show that
Z0 = {
∑
j
(xj ,
m′∑
i=1
gP (p
′
i ⊗ 〈q
′
i, xj〉B))⊗ (yj, 0)}
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is the complement of Z1 in the k-vector space Pˆ ⊗Bg Qˆ. Also
T (
∑
j
(xj ,
m′∑
i=1
gP (p
′
i ⊗ 〈q
′
i, xj〉B))⊗ (yj, 0)) =
∑
j
(0, xj)⊗ (yj, 0)
and hence the map TZ : Z0 → Z1 induced by T is an isomorphism, Z0 ∩ Z1 = {0} and
Pˆ ⊗Bg Qˆ = Z0 ⊕ Z1 by a dimension argument.
The left A-module structure of Z0 is given by (3.3), that is, if a ∈ A and
z0 =
∑
j
(xj ,
m′∑
i=1
gP (p
′
i ⊗ 〈q
′
i, xj〉B))⊗ (yj, 0) ∈ Z0,
then
a ∗ z0 = T
−1
Z (a · TZ(z0)) = T
−1
Z (
∑
j
(0, axj)⊗ (yj, 0))
=
∑
j
(axj ,
m′∑
i=1
gP (p
′
i ⊗ 〈q
′
i, axj〉B))⊗ (yj, 0),
and the right A-module structure is induced by the Af -module structure of Qˆ. Hence TZ is an
isomorphism of A-bimodules and Z0 ≃ Z1 ≃ P ⊗B Q as A-bimodules.
From (3.4) we deduce that fZ : A⊗k Z0 → Z1 is, for all a ∈ A, z0 ∈ Z0, given by
fZ(a⊗ z0) = (a, 0)z0 − a ∗ z0 =
∑
j
(axj ,
m′∑
i=1
agP (p
′
i ⊗ 〈q
′
i, xj〉B) + fP (a⊗ xj))⊗ (yj, 0)
−
∑
j
(axj ,
m′∑
i=1
gP (p
′
i ⊗ 〈q
′
i, axj〉B))⊗ (yj, 0)
=
∑
j
(
0,
m′∑
i=1
agP (p
′
i ⊗ 〈q
′
i, xj〉B)−
m′∑
i=1
gP (p
′
i ⊗ 〈q
′
i, axj〉B) + fP (a⊗ xj)
)
⊗ (yj, 0).
Analogously, we can construct gZ : Z0 ⊗k B → Z1.
Having described the bimodule Pˆ⊗Bg Qˆ in an appropriate way, we are now ready to construct
the isomorphism needed for the Morita equivalence.
Proposition 4.3. The Af -bimodule Pˆ⊗Bg Qˆ is isomorphic to Af and the Bg-bimodule Qˆ⊗Bf Pˆ
is isomorphic to Bg.
Proof. We start by constructing a morphism
w : (Z0, Z1, TZ , fZ , gZ)→ (A,A, Id, f, g).
That is, w = (w0, w1, w2) where w0 ∈ HomA(Z0, A), w1 ∈ Homk(Z0, A) and w2 ∈ HomA(Z1, A)
are such that the diagram
Z0
TZ

w0 // A
Id

Z1
w2 // A
commutes and, for z0 ∈ Z0,
w1(a ∗ z0) = aw1(z0)− w2(fZ(a⊗ z0)) + f(a⊗ w0(z0)).(4.7)
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For
z0 =
∑
j
(xj ,
m′∑
i=1
gP (p
′
i ⊗ 〈q
′
i, xj〉B))⊗ (yj, 0),
the desired morphisms are defined by
w0(z0) =
∑
j
〈xj , yj〉A = w2(
∑
j
(xj , 0)⊗ (0, yj)),(4.8)
w1(z0) =
∑
j
(
m′∑
i=1
〈gP (p
′
i ⊗ 〈q
′
i, xj〉B), yj〉A −
m∑
k=1
〈fP (〈xj , qk〉A ⊗ pk), yj〉A(4.9)
+
m∑
k=1
f(〈xj, qk〉A ⊗ 〈pk, yj〉A)
)
where the last formula is suggested by Remark 4.1. The commutativity of the diagram is
immediate, and equality (4.7) holds since using (4.1) and that f is a cocycle, for all a ∈ A,
z0 ∈ Z0, we have
w1(a ∗ z0)− aw1(z0) =
∑
j
m′∑
i=1
〈gP (p
′
i ⊗ 〈q
′
i, axj〉B), yj〉A − a
∑
j
m′∑
i=1
〈gP (p
′
i ⊗ 〈q
′
i, xj〉B), yj〉A
+
∑
j
m∑
k=1
〈f(a⊗ 〈xj , qk〉A)pk, yj〉A −
∑
j
〈fP (a⊗ xj), yj〉A
+
∑
j
f(a, 〈xj, yj〉A)−
∑
j
m∑
k=1
f(a⊗ 〈xj , qk〉A)〈pk, yj〉A,
where the third term cancels with the last one.
On the other hand, for all a ∈ A, z0 ∈ Z0, the equality
−w2(fZ(a⊗ z0)) + f(a⊗ w0(z0)) =− a
∑
j
m′∑
i=1
〈gP (p
′
i ⊗ 〈q
′
i, xj〉B), yj〉A
+
∑
j
m′∑
i=1
〈gP (p
′
i ⊗ 〈q
′
i, axj〉B), yj〉A
−
∑
j
〈fP (a⊗ xj), yj〉A +
∑
j
f(a, 〈xj, yj〉A)
holds and completes the first part of the proof.
It only remains to prove that w = (w0, w1, w2) is an isomorphism. A direct computation
shows that
(w−10 ,−w
−1
2 w1w
−1
0 , w
−1
2 ) : (A,A, Id, f, g)→ (Z0, Z1, TZ , fZ , gZ)
is a morphism, and it is the inverse of w. 
Theorem 4.4. Let A and B be Morita equivalent k-algebras. Let [f ] ∈ HH2(A) and [g] ∈
HH
2(B) connected via the isomorphism HH2(A) ≃ HH2(B). Then, the infinitesimal deforma-
tions Af and Bg are Morita equivalent.
Proof. By Lemma 4.2 we have bimodules Pˆ and Qˆ that give us the Morita equivalence by
Proposition 4.3. 
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5. Quiver associated to Af
Let A be a finite dimensional algebra over an algebraically closed field k and let f : A⊗kA→
A be a Hochschild 2-cocycle. The aim of this section is to describe the presentation by quiver
and relations for Af . Since deformations behave well with Morita equivalence, and A is Morita
equivalent to a quotient of a path algebra, we may assume that A = kQ/I.
5.1. Presentation by quiver and relations of Af . Set A = kQ/I. Since the set of equiva-
lence classes of paths in Q generates A, we can fix a set P of paths in Q such that {γ : γ ∈ P}
is a basis of A. Let Γ = {ρ1, · · · , ρm} be a set of relations generating I.
As we mentioned in Subsection 1.4, we say that an arrow α divides a path w, and denote
α/w, if w = Lα(w)αRα(w), where Lα(w) and Rα(w) are paths in Q.
Since k is a field, HHn(A) ≃ ExtnA−A(A,A), and hence one can use any projective resolution
of the A-bimodule A to compute this cohomology. As we said in Subsection 1.2, we may assume
that f ∈ HomE−E(radA⊗E radA,A), with E = kQ0. This holds since (A⊗E radA
∗⊗EA, d∗) is
a projective resolution of the A-bimodule A, see [C, Lemma 2.1]. However, we can construct a
more convenient projective resolution by following the method developed in [RR2] when dealing
with monomial algebras. Even though we are now working in a more general setting, the first
degrees behave in the same way, and since we are interested in the second cohomology group,
it is enough to describe this resolution up to degree 2.
Define the sequence
(S∗, δ∗) : · · · → A⊗E I ⊗E A
δ2−→ A⊗E kQ1 ⊗E A
δ1−→ A⊗E kQ0 ⊗E A
δ0−→ A→ 0
where, for any α ∈ Q1 and
∑
i λiwi ∈ I, with all wi paths in Q,
δ0(1⊗ ei ⊗ 1) = ei,
δ1(1⊗ α⊗ 1) = α⊗ et(α) ⊗ 1− 1⊗ es(α) ⊗ α,
δ2(1⊗
∑
i
λiwi ⊗ 1) =
∑
i
λi
∑
α∈Q1:α/wi
Lα(wi)⊗ α⊗ Rα(wi).
Lemma 5.1. The sequence (S∗, δ∗) is the starting point of a projective resolution of the A-
bimodule A. Moreover, the E-A-bilinear maps
c0 :A→ A⊗E kQ0 ⊗E A,
c1 :A⊗E kQ0 ⊗E A→ A⊗E kQ1 ⊗E A,
c2 :A⊗E kQ1 ⊗E A→ A⊗E I ⊗E A,
defined by
c0(1) =
∑
i∈Q0
1⊗ ei ⊗ 1,
c1(γ ⊗ et(γ) ⊗ 1) =
∑
α∈Q1:α/γ
Lα(γ)⊗ α⊗ Rα(γ), for any γ ∈ P,
c2(γ ⊗ α⊗ 1) = 1⊗ (γα−
∑
i
λiγi)⊗ 1, for any γ ∈ P, γα−
∑
i λiγi ∈ I, γi ∈ P,
is a contracting homotopy in the first degrees.
Proof. Since E is semisimple, for any E-bimoduleX we have that A⊗EX⊗EA is a projective A-
bimodule. A direct computation shows that δ0δ1 = 0 and δ1δ2 = 0. Concerning the homotopy,
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for all γ ∈ P, we have
δ0c0(γ) = δ0(1⊗ es(γ) ⊗ γ) = γ,
c0δ0(γ ⊗ et(γ) ⊗ 1) = c0(γ) = 1⊗ es(γ) ⊗ γ,
δ1c1(γ ⊗ et(γ) ⊗ 1) = δ1(
∑
α∈Q1:α/γ
Lα(γ)⊗ α⊗ Rα(γ))
=
∑
α∈Q1:α/γ
(Lα(γ)α⊗ et(α) ⊗ Rα(γ)− Lα(γ)⊗ es(α) ⊗ αRα(γ))
= γ ⊗ et(γ) ⊗ 1− 1⊗ es(γ) ⊗ γ,
that is, δ0c0 = Id and c0δ0 + δ1c1 = Id. Finally, let γ ∈ P and α ∈ Q1; if γα =
∑
i λiγi with
γi ∈ P, then
c1δ1(γ ⊗ α⊗ 1) = c1(γα⊗ et(α) ⊗ 1− γ ⊗ es(α) ⊗ α)
=
∑
i
λic1(γi ⊗ et(γi) ⊗ 1)− c1(γ ⊗ es(α) ⊗ α)
=
∑
i
λi
∑
β∈Q1:β/γi
Lβ(γi)⊗ β ⊗ Rβ(γi)−
∑
β∈Q1:β/γ
Lβ(γ)⊗ β ⊗ Rβ(γ)α,
δ2c2(γ ⊗ α⊗ 1) = δ2(1⊗ (γα−
∑
i
λiγi)⊗ 1)
=
∑
β∈Q1:β/γα
Lβ(γα)⊗ β ⊗Rβ(γα)−
∑
i
λi
∑
β∈Q1:β/γi
Lβ(γi)⊗ β ⊗ Rβ(γi).
Hence (c1δ1 + δ2c2)(γ ⊗ α⊗ 1) = γ ⊗ α⊗ 1 and the proof is done. 
Since (S∗, δ∗) and (A⊗E radA
∗ ⊗E A, d∗) are projective resolutions of the A-bimodule A, a
well known result ensures the existence of comparison morphisms
F∗ : S∗ → A⊗E radA
∗ ⊗E A and G∗ : A⊗E radA
∗ ⊗E A→ S∗.
Again from [RR2] we can deduce the formula for the comparison morphism F in the first
degrees. For α ∈ Q1,
∑
j λj α
j
1 · · ·α
j
sj
∈ I,
F0(1⊗ e⊗ 1) = e⊗ 1,
F1(1⊗ α⊗ 1) = 1⊗ α⊗ 1,
F2(1⊗
∑
j
λj α
j
1 · · ·α
j
sj
⊗ 1) =
∑
j
λj
sj−1∑
i=1
1⊗ αj1 · · ·α
j
i ⊗ α
j
i+1 ⊗ α
j
i+2 · · ·α
j
sj
.
Using the identification
HomE−E(radA⊗E radA,A) ≃ HomA−A(A⊗ radA
⊗2 ⊗A,A)
given by f˜(1⊗ w1 ⊗w2 ⊗ 1) = f(w1 ⊗w2), we have that if f ∈ HomE−E(radA⊗E radA,A) is
a Hochschild 2-cocycle, f˜ ◦ F2 ∈ HomE−E(A⊗ I ⊗A,A) is also a 2-cocycle and they represent
the same element in HH2(A).
In the following definition we will introduce a new map fˆ : kQ→ A associated to f that will
be needed in the main theorem of this section.
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Definition 5.2. Let fˆ : kQ→ A be the k-linear map defined in paths as follows:
fˆ(α1 · · ·αs) =
{
0, if s = 0, 1,∑s−1
i=1 f(α1 · · ·αi ⊗ αi+1) αi+2 · · ·αs, if s ≥ 2.
In particular, if ρ ∈ I then
fˆ(ρ) = (f˜ ◦ F2)(1⊗ ρ⊗ 1).
Remark 5.3. For any Hochschild 2-cocycle f we know that [f ] = [f˜F2G2] since F∗G∗ is homo-
topic to the identity. Hence we can replace f by f˜F2G2, and since Im f˜F2G2 ⊂ fˆ(I), from now
on we will assume that the representative f we have chosen satisfies Im f ⊂ fˆ(I).
Next lemma shows the relation between the map fˆ and the product in Af .
Lemma 5.4. Let w = α1 · · ·αs be a path in Q with s ≥ 1. Then the equality
(α1, 0) · · · (αs, 0) = (w, fˆ(w))
holds in Af . In particular, if ρ =
∑
j λj α
j
1 · · ·α
j
sj
∈ I then∑
j
λj(α
j
1, 0) · · · (α
j
sj
, 0) = (0, fˆ(ρ)).
Proof. An inductive procedure on s shows that
(α1, 0) · · · (αs, 0) = (α1 · · ·αs,
s−1∑
i=1
f( α1 · · ·αi ⊗ αi+1) αi+2 · · ·αs).

Let A = kQ/I and let [f ] ∈ HH2(A). Our next goal is to give a presentation by quiver and
relations of Af .
Recall that Γ = {ρ1, · · · , ρm} is a set of relations generating I. For each ρ ∈ Γ we fix an
element wρ in kP such that wρ = fˆ(ρ). Let Qf be the quiver given by
(Qf )0 = Q0,
(Qf )1 = {αˆ | α ∈ Q1} ∪ {eˆi : i→ i | ei 6∈ Im f}.
For any path w = α1 · · ·αs in Q, we set wˆ := αˆ1 . . . αˆs in Qf , and for any vertex i ∈ Q0 we
denote
ǫi =
{
eˆi, if ei 6∈ Im f,∑
j µjρˆj , if ei = fˆ(
∑
j µjρj), ρj ∈ Γ.
Let If be the ideal of kQf generated by
ǫ2i for i ∈ Q0;(5.1)
ǫiαˆ− αˆǫj for α : i→ j ∈ Q1;(5.2)
ρˆ− wˆρǫt(ρ) for ρ ∈ Γ.(5.3)
Theorem 5.5. Let A = kQ/I and let [f ] ∈ HH2(A). Then Af = kQf/If .
Proof. Since Af = A ⊕ A with (a, b)(a
′, b′) = (aa′, f(a⊗ a′) + ab′ + ba′), for a, a′, b, b′ ∈ A, we
have that
(radA⊕A)m ⊂ radmA⊕ (radm−1A+
∑
i+j=m−1
radiA.f(radj A⊗ radA))
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which is clearly nilpotent, hence radA⊕A ⊂ radAf . Moreover, Af/(radA⊕A) ≃ A/ radA is
semisimple, hence radAf = radA⊕A and (QAf )0 = (QA)0. Now we will prove that
rad2Af = rad
2A⊕ (radA+ Im f).
The first inclusion is clear. On the other hand, by Remark 5.3 we may assume Im f ⊂ fˆ(I).
Thus, for r1, r2 ∈ radA we have
(r1r2, 0) = (r1, 0)(r2, 0)− (0, f(r1 ⊗ r2))
= (r1, 0)(r2, 0)− (0, fˆ(ρ)),
for some ρ ∈ I, and from Lemma 5.4 we conclude that (r1r2, 0) ∈ rad
2Af . Similarly, if
fˆ(ρ) ∈ Im f for some ρ ∈ I then (0, fˆ(ρ)) ∈ rad2Af . Finally, if r ∈ radA
(0, r) = (r, 0)(0, et(r)) ∈ rad
2Af .
Then radAf/ rad
2Af = radA/ rad
2A⊕A/(radA+Im f) and the description of (Qf )1 is clear.
Let π : kQf → Af be the algebra epimorphism given by π(i) = (ei, 0), π(αˆ) = (α, 0) and
π(eˆi) = (0, ei). It is clear that If ⊂ Ker π since, by Lemma 5.4,
π(ǫ2i ) =
{
π(eˆi)
2 = (0, ei)
2 = 0, if ei 6∈ Im f,
π(
∑
j µjρˆj)
2 = (0, ei)
2 = 0, if ei = fˆ(
∑
j µjρj), ρj ∈ Γ,
π(ǫiαˆ− αˆǫj) = (0, ei)(α¯, 0)− (α¯, 0)(0, ej) = 0.
Also, if ρ ∈ Γ, we get
π(ρˆ) = (0, fˆ(ρ)) = (fˆ(ρ), 0)(0, et(ρ)) = π(wˆρǫt(ρ)).
It remains to prove that Ker π ⊂ If . Consider the set B of equivalence classes of elements in
Pˆ ∪ Pˆǫ = {γˆ | γ ∈ P} ∪ {γˆǫt(γ) | γ ∈ P}.
We claim that B is a basis of kQf/If . Indeed, kQf/If is generated by equivalence classes of
paths in Qf . But, by (5.1) and (5.2), we can choose representatives of the form θˆ or θˆǫi with θ
a path in Q. Now, our assumption on the set P implies that any path θ can be written as
θ =
∑
j
λjγj +
∑
k
µkρk
with γj ∈ P, ρk ∈ Γ. Moreover, ρˆk − wˆρkǫt(ρk) ∈ If by (5.3). Hence, the representatives in kQf
shall be of the form
θˆ =
∑
j
λjγˆj +
∑
k
µkwˆρkǫt(ρk), or(5.4)
θˆǫ =
∑
j
λjγˆjǫt(γj ),(5.5)
with all γˆj ∈ Pˆ and where all wˆρkǫt(ρk) can be written, modulo If , as a linear combination of
paths in Pˆǫ. Thus B generates kQf/If .
Finally, for any γ = α1 · · ·αs ∈ P we have
π(γˆ) = π(αˆ1) · · ·π(αˆs) = (α¯1, 0) · · · (α¯s, 0) = (γ¯, fˆ(γ)),
π(γˆǫi) = π(γˆ)π(ǫi) = (γ¯, fˆ(γ))(0, ei) = (0, γ¯), if ei 6∈ Im f,
π(γˆǫk) = π(γˆ)π(
∑
j
µjρˆj) = (γ¯, fˆ(γ))(0, ek) = (0, γ¯), if ek = fˆ(
∑
j µjρj).
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Let π∗ : kQf/If → Af . Then π
∗(B) is a basis of Af , and therefore the set B is linearly
independent and we are done. 
5.2. Examples. In the examples below we use results from [RR1] and [BGMS] for describing
non zero elements in the second cohomology group of certain monomial and non monomial
algebras respectively.
Example 5.6. Let A = k[t]/(t2) be the algebra of dual numbers. In this case, A ≃ kQ/I, where
Q is the quiver:
1 αff
and I =< α2 >. Let [f ] ∈ HH2(A) be given by
f(a⊗ b) =
{
e1, if a = b = α,
0, otherwise.
Thus Af ≃ kQf/If where Qf = Q is the same as the quiver of A and If =< α
4 >.
Example 5.7. Let A = kQ/I where Q is the quiver:
1
α1 //
2α2
oo
and I =< α1α2 >. The dimension of the second Hochschild cohomology group of A is one and
a generator [f ] is given by
f(a⊗ b) =
{
a1a2, if ab = a1α1α2a2,
0, otherwise,
where a1 and a2 are paths in A. Consider the infinitesimal deformation Af . From our previous
theorem we have that Af ≃ kQf/If where Qf is the quiver
1
αˆ1 //
2 eˆ2ffαˆ2
oo
and If =< αˆ1αˆ2αˆ1αˆ2, eˆ
2
2, αˆ1αˆ2αˆ1 − αˆ1eˆ2, αˆ2αˆ1αˆ2 − eˆ2αˆ2 >.
Example 5.8. Let A = kQ/I where Q is the quiver
2
α2
❂
❂❂
❂❂
❂❂
1 α3
//
α1
@@✁✁✁✁✁✁✁
3
and I =< α1α2 >. Then, dimkHH
2(A) = 1 and [f ] generates HH2(A) where
f(a⊗ b) =
{
α3, if a = α1, b = α2,
0, otherwise.
In this case, the presentation (Qf , If) of the infinitesimal deformation Af is given by
2
eˆ2

αˆ2
❂
❂❂
❂❂
❂❂
1eˆ1 88 αˆ3
//
αˆ1
@@✁✁✁✁✁✁✁
3 eˆ3ff
and If =< eˆ
2
1, eˆ
2
2, eˆ
2
3, eˆ1αˆ1 − αˆ1eˆ2, eˆ2αˆ2 − αˆ2eˆ3, eˆ1αˆ3 − αˆ3eˆ3, αˆ1αˆ2 − αˆ3eˆ3 >.
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The following example deals with a non monomial algebra. For the computation of the
second cohomology group we refer to [BGMS].
Example 5.9. Let A = kQ/I, where Q is the quiver
1α 88 βff
and I =< α2, β2, αβ + qβα >, with q ∈ k. Let f : A⊗k A→ A be given by
f(α⊗ β + qβ ⊗ α) = βα
and zero otherwise. By loc. cit., [f ] ∈ HH2(A). Thus, the presentation (Qf , If ) of the infini-
tesimal deformation Af is given by
1αˆ 88 βˆff
eˆ1
YY
and If =< eˆ
2
1, αˆ
2, βˆ2, eˆ1αˆ− αˆeˆ1, eˆ1βˆ − βˆeˆ1, αˆβˆ + qβˆαˆ− βˆαˆeˆ1 >.
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